arXiv:1504.04509v2 [math.FA] 19Jun2015 


WEAK-TYPE ESTIMATES IN MORREY SPACES FOR MAXIMAL COMMUTATOR AND 

COMMUTATOR OF MAXIMAL FUNCTION 

AMIRAN GOGATISHVILI, RZA MUSTAFAYEV, AND MUJDAT AGCAYAZI 


Abstract. In this paper it is shown that the Hardy-Littlewood maximal operator M is not bounded on 
Zygmund-Morrey space Muu ig ijj, but M is still bounded on Mu\ 0 „qj for radially decreasing functions. 
The boundedness of the iterated maximal operator M 2 from Af/,(i og /.),t to weak Zygmund-Morrey space 
TVAf/.(logis proved. The class of functions for which the maximal commutator C/, is bounded from 
/V1//iog /.).i to TVAlniog l),a are characterized. It is proved that the commutator of the Hardy-Littlewood 
maximal operator M with function b e BMO(R") such that b~ e Lco(R") is bounded from Af/,(i og //u to 
TT7Vf/.(i 0 g/.).i. New pointwise characterizations of M a M by means of norm of Hardy-Littlewood maximal 
function in classical Morrey spaces are given. 


1. Introduction 

Given a locally integrable function / on R” and 0 < a < n, the fractional maximal function M a f of / 
is defined by 

M a f(x) := sup|2|“ f \f(y)\dy, (x e R"), 

Qbx Jq 

where the supremum is taken over all cubes Q containing x. The operator M a : / —> M a f is called the 
fractional maximal operator. M := M {) is the classical Hardy-Littlewood maximal operator. 

The study of maximal operators is one of the most important topics in harmonic analysis. These sig¬ 
nificant non-linear operators, whose behavior are very informative in particular in differentiation theory, 
provided the understanding and the inspiration for the development of the general class of singular and 
potential operators (see, for instance, [ 8 , 2 - 4,3 - 33 ]). 

Let / e Lj 0C (R"). Then / is said to be in BMOfl") if the seminorm given by 

ll/ll* := sup 2- f |/(y) - f Q \dy 
Q Ivzl Jq 

is finite. 

Definition 1.1. Given a measurable function b the maximal commutator is defined by 

Cb(J)(x ) := sup 2- f | b(x) - b(y)\\f(y)\dy 

Q3x IGI Jq 

for all r £ l“. 
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This operator plays an important role in the study of commutators of singular integral operators with 
BMO symbols (see, for instance, [9, , 18, 29]). The maximal operator C b has been studied intensively 

and there exist plenty of results about it. Garcia-Cuerva et al. [9] proved the following statement. 

Theorem 1.2. Let 1 < p < oo. C b is bounded on L P (R' ! ) if and only ifb G BMO(R"). 

Definition 1.3. Given a measurable function b the commutator of the Hardy-Littlewood maximal operator 
M and b is defined by 

[M,b\f(x) := M(bf)(x) - b(x)Mf(x) 

for all x € R". 

The operator [M,b] was studied by Milman et al. in [ ] and [ ]. This operator arises, for example, 

when one tries to give a meaning to the product of a function in H l and a function in BMO (which may 
not be a locally integrable function, see, for instance, [5]). Using real interpolation techniques, in [23], 
Milman and Schonbek proved the Z^-boundedness of the operator [M, b\. Bastero, Milman and Ruiz [ ] 
proved the next theorem. 

Theorem 1.4. Let 1 < p < oo. Then the following assertions are equivalent: 

(i) [M, b ] is bounded on L p (R' ! ). 

(ii) b G BMO(R") and b~ G L co (R ,! ). 1 

The opertors C b and [M, b] enjoy weak-type L(1 + log + L) estimate. 

Theorem 1.5 ([1, Theorem 1.5], see also [ ] and [16]). The following assertions are equivalent: 

(i) There exists a positive constant c such that for each A > 0, inequality 

(1.1) \{X € R" : C h (f)(x) > T}| <c£ (l + log + \dx. 

holds for all f G L(1 + log + L)(R"). 

(ii) b G BMO(R"). 

Theorem 1.6. [ , Theorem 1.6] Let b G BMO(R") such that b G Loo(R' ! ). Then there exists a positive 
constant c such that 

(1.2) \{x g R" : I[M, b\f(x) | > A}\ < cc 0 (1 + log + c 0 ) £ (l + log + jj dx, 

for all f G L (1 + log + L) and A > 0, where Co = ||£ + ||* + ll&~l|oo. 

Operators C h and [M, b] essentially differ from each other. For example, C h is a positive and sublinear 
operator, but [M, b] is neither positive nor sublinear. However, if b satisfies some additional conditions, 
then operator C h controls [M, b\. 

Lemma 1.7. [ , Lemma 3.1 and 3.2] Let b be any non-negative locally integrable function. Then 

(1.3) \[M,b]f(x)\<C b (f)(x) (x G R") 

holds for all f G Lf(W ). 

Ifb is any locally integrable function on R", then 

(1.4) \[M, b]f\(x) < C b (f)(x ) + 2 b~(x)Mf(x) (x g R") 

'Denote by b + {x) = max{Z>(x), 0} and b^(x) = - min{Z>(x), 0), consequently b — b + - b~ and \b\ — b + + b~. 
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holds for all f £ L ] f(R n ). 

We recall the following statement from [ ]. 

Theorem 1.8. [1, Theorem 1.13] Let b £ BMO(R"). Suppose that X is a Banach space of measurable 
functions defined on R". Moreover, assume that X satisfies the lattice property, that is, 

0 <g<f => \\g\\x < \\f\\x. 

Assume that M is bounded on X. Then the operator Cb is bounded on X, and the inequality 

\\c h f\\x < c\\bUf\\x 

holds with constant c independent of f. 

Moreover, ifb~ £ L^R"), then the operator [M, b] is bounded on X, and the inequality 

\\[MMf\\x<cQ\b + \U + \\b~U\\f\\ x 
holds with constant c independent of f. 

The proof of previous theorem is based on the following inequalities. 

Theorem 1.9. [ , Corollary 1.11 and 1.12] Let b £ BMO(R"). Then, there exists a positive constant c 
such that 

(1.5) C b (f)(x) < c\\b\UM 2 f(x) (x £ R") 

for all f £ L l , 0C (R n ). 

Moreover, ifb~ £ L OJ {Ti n ), then, there exists a positive constant c such that 
(1-6) \[M,b\f(x)\ < c(\\b + \U + ||r|U)M 2 /W 

for all f £ L 1 1 oc (R n ). 

The classical Morrey spaces M p ^ = 7Vl A/i (R"), were introduced by C. Morrey in [24] in order to study 
regularity questions which appear in the Calculus of Variations, and defined as follows: for 0 < A < n 
and 1 < p < oo, 

M pJ := if £ Lf (R") : \\f\\ M := sup r*f \\f\\ Lp(BM) < oo) , 

1 ' j€R", r >0 ) 

where B(x, r) is the open ball centered at x of radius r. 

Note that M P , 0 (R' 7 ) = !«,(R") and M P ,„(R") = L p ( R"). 

These spaces describe local regularity more precisely than Lebesgue spaces and appeared to be quite 
useful in the study of the local behavior of solutions to partial differential equations, a priori estimates 
and other topics in PDE (cf. [10]). 

The boundedness of the Hardy-Littlewood maximal operator M in Morrey spaces Ai p ^ was proved by 
F. Chiarenza and M. Frasca in [7]: It was shown that Mf is a.e. finite if / e M p ,\ and an estimate 

(1-7) \\Mf\\ MpA < c\\f\\ MpA 

holds if 1 < p < oo and 0 < A < n, and a weak type estimate (1.7) replaces for p = 1, that is, the 
inequality 


(1.8) 


t\{Mf > t] n B{x,r)\ < cr n ~ A \\f\\ Ml l 
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holds with constant c independent of x, r, t and /. 

In [ ], it is proved that the Hardy-Littlewood maximal operator M is bounded on M\^, 0 < A < n, 

for radially decreasing functions, that is, the inequality 

(1.9) \\Mf\\ MiA <\\f\\M 1A , /e9Jf rad ’J- 

holds with constant independent of /, and an example which shows that M is not bounded on 
0 < A < n is given. 

Combining Theorem 1.9 with inequalities (1.7) and (1.9), it is easy to generalize Theorems 1.2 and 1.4 
to Morrey spaces (see Theorems 3.1 and 3.3). 

In this paper the Zygmund-Morrey and the weak Zygmund-Morrey spaces are defined. In order to 
investigate the boundedness of the maximal commutator Ct, and the commutator of maximal function 
[M, b ] on Zygmund-Morrey spaces we start to study the boundedness properties of the Hardy-Littlewood 
maximal operator on these spaces. It is shown that the Hardy-Littlewood maximal operator M is not 
bounded on Zygmund-Morrey spaces Mn\ogL),A, but M is still bounded on Mui og L),A for radially decreas¬ 
ing functions. The boundedness of the iterated maximal operator M 2 from Zygmund-Morrey spaces 
Al/iiog/_u to weak Zygmund-Morrey spaces TVAU.dog/.),,! is proved. The class of functions for which 
the maximal commutator C h is bounded from M L (\ ogL) ^ to TLM/iiog/^,i are characterized. It is proved 
that the commutator [M, b] is bounded from Mu\ 0 gL\A to ( WM.l(\ 0% l\a, when b e BMO(R") such that 
b~ e L tx ,(]R"). New pointwise characterizations of M a M by means of norm of Hardy-Littlewood maximal 
function in Morrey space are given. 

The paper is organized as follows. In Section 2 notations and preliminary results are given. Bound¬ 
edness of maximal commutator and commutator of maximal function in Morrey spaces are investigated 
in Section 3. New characterizations of M a M are obtained in section 4. In Section 5 it is shown that the 
Hardy-Littlewood maximal operator M is not bounded on Zygmund-Morrey spaces MmogD,A, but M is 
still bounded on ML(\ og D,A for radially decreasing functions. The boundedness of the iterated maximal 
operator from M U \ogL\A to 'WMz.uog L)A is proved in Section 6. In Section 7 weak-type estimates for 
maximal commutator and commutator of maximal function in Zygmund-Morrey spaces are proved. 

2. Notations and Preliminaries 

Now we make some conventions. Throughout the paper, we always denote by c a positive constant, 
which is independent of main parameters, but it may vary from line to line. However a constant with 
subscript such as c\ does not change in different occurrences. By a < b we mean that a < cb with 
some positive constant c independent of appropriate quantities. If a < b and b < a, we write a ~ b 
and say that a and b are equivalent. For a measurable set E,xe denotes the characteristic function of E. 
Throughout this paper cubes will be assumed to have their sides parallel to the coordinate axes. Given 
A > 0 and a cube Q , AQ denotes the cube with the same center as Q and whose side is A times that of 
Q. For a fixed p with p e [1, oo), // denotes the dual exponent of p, namely, p' = p/(p - 1). For any 
measurable set E and any integrable function / on E, we denote by f E the mean value of / over E, that 
is, f E = (l/l-El) f f(x)dx. Unless a special remark is made, the differential element dx is omitted when 
the integrals under consideration are the Lebesgue integrals. 

For the sake of completeness we recall the definitions and some properties of the spaces we are going 


to use. 
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Let Q be any measurable subset of W, n > 1. Let $Dt(Q) denote the set of all measurable functions on 
D and S H{ 0 (G) the class of functions in s Df(f2) that are finite a.e. 

For p £ (0, oo], we define the functional || • || A n on S JJ1(Q) by 

,,,,, f(Jn I f(x)\ p dx) llp if p < oo, 

P ’ n ' {ess sup n \f(x)\ if p = oo. 

The Lebesgue space L P (Q) is given by 

L P (Q) := {/ 6 2R(Q) : \\f\\ pja < oo} 
and it is equipped with the quasi-norm || • || pfi . 

Denote by ''.U( racU = 9Jt rad ’l(R") the set of all measurable, radially decreasing functions on R", that is, 
gjjmcU ;= {/ 6 501(R") : f(x) = ip(\x\), x e R" with (p 6 50^(0, oo)}. 

Recall that Mf « Hf, f e 9Jl rad ^, where 

Hfix) '= j S (0 

is n-dimensional Hardy operator. Obviously, Hf € when / e s U{ rad ’ J '. 

The non-increasing rearrangement (see, e.g., [ , p. 39]) of a function / e S H{ 0 (R") is defined by 

f\t) := inf {d > 0 : \{x e R n : \f(x)\ > d}| < t) (0 <t< oo). 

Then f** will denote the maximal function of f* defined by 

/"(*):= 7 f f(s)ds, (t> 0). 
t Jo 

The Zygmund class L(log + L)(Q) is the set of all / £ 9Jf(Q) such that 


r~j—pry f 1/0)1 dy 

J /?((),|jt|) 


f 


|/(x)|(log + \f(x)\)dx < 


where log + t = max {log t, 0}, 1 > 0. Generally, this is not a linear set. Nevertheless, considering the class 

I/C0I) dx < ool, 


L(1 + log + L)(Q) = j/ £ 9Ji(Q) : ||/|| L(1+log + L)(Q) £ 1/0)1 (1 + log + 


we obtain a linear set, the Zygmund space. 

The size of M 2 is given by the following inequality. 

Lemma 2.1. [ , Lemma 1.6] There exists a positive constant c such that for any function f and for all 

A> 0, 




(2.1) \{x £ R" : M 2 f(x) > d}| < c f ^ (l 

J R" A \ 

The following important result regarding BMO is true. 

Lemma 2.2 ([ 8 ] and [ ]). For p £ (0, oo), BMO(p)(R") = BMO(R"), with equivalent norms, where 


II/IIbmo(p)(r") •— sup 
Q 


m£ 


I fiy)-f Q \ p dy] . 
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A continuously increasing function on [0, oo], say ¥ : [0, oo] —> [0, oo] such that ¥(0) = 0, ¥(1) = 1 
and ¥( 00 ) = oo, will be referred to as an Orlicz function. If ¥ is an Orlicz function, then 

0(0 = sup{/A - ¥( 5 ); s e [0, 00 ]} 

is the complementary Orlicz function to ¥. 

The Orlicz space denoted by If = ZYfR") consists of all measurable functions g 

IgOof 


/ 

J R" 


¥ 


a 


dx < 00 


for some a > 0. 

Let us define the ¥-average of g over a cube Q of R" by 


W ,, e = i„f{o.>0: j ljA 


lg(*)l 


a 


dx < 1 


When ¥ is a Young function, i.e. a convex Orlicz function, the quantity 

'I/OOP 


ll/llm = inf a>0 


: f ¥ ( ! 


a 


dy < 1 


such that 


is well known Luxemburg norm in the space If (see [ ]). 

A Young function ¥ is said to satisfy the V 2 -condition, denoted ¥ e V 2 , if for some K > 1 

¥(f) < -^-¥(iO) for all t > 0. 

2 K 

It should be noted that ¥(f) = t fails the V 2 -condition. 

Theorem 2.3. [ 9 ] The Hardy-Littlewood maximal operator is bounded on L' v , provided that ¥ e V 2 . 


Combining Theorem 2.3 and 1.8, we obtain the following statement. 

Theorem 2.4. Let b e BMO(R") and ¥ e V 2 . 

Then the operator C. h is bounded on L' v , and the inequality 

iiQ/ib < cii^iui/ii L , 

holds with constant c independent of f. 

Moreover, ifb~ e Loo(R"), then the operator [ M,b] is bounded on Lf, and the inequality 

\\[M,b]f\\ L ,<c(\\b + \u + mu\\f\y 

holds with constant c independent of f. 

If / e L^(R"), the Orlicz maximal function of / with respect to ¥ is defined by setting 

Myf(x) = sup Wfh.Q, 

xeQ 

where the supremum is taken over all cubes Q of R" containing x. 

The generalized Holder’s inequality 

(2.2) 2| J \f(y)g(y)\dy < \\f\\®, e l|glk e , 

where ¥ is the complementary Young function associated to O, holds. 
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The main example that we are going to be using is 0(7) = 7(1 + log + 7) with maximal function defined 
by M l(1+1og + L ). The complementary Young function is given by V F(/) » e' with the corresponding maximal 
function denoted by M expL . 

We define the weak L(1 + log + L)-average of g over a cube Q of 1" analogously by 

n n • f . a 1 IU 6 Q : ls(*)l > at )I ^ ,) 

llgllivL(i+io g + L),e = inf i a > 0 : sup —-———— -< U • 

{ ‘>° l(Jl 7 i 1 + lo § ?) J 

Let 0 < A < n. The Zygmund-Morrey spaces At/xiogz/u(R”) = A / f/ i i + | 0g + /^(R") and the weak 
Zygmund-Morrey spaces , WM L (\ ogL )^(W l ) = TL'M/^+iog' / 4 .,t(®") are defined as follows: 

AWg^m :={/ e 2R(R") : \\f\\ ML(l+log+L)A ■= sup iei^||/|| L(1+log+i) , G < oo}, 
'T^ / lL(i + io g +L), / }(M. n ) :={/ g s Di(R”) : ll/llavM i(1+log+LM := sup \Q\ n Wf\\wni+\og + L),Q < °°}> 

respectively. Note that M L( \ + \ og + L) A is a special case of Orlicz-Morrey spaces -C ]K<I> (with 0(7) = 7(1 + 
log + 7) and 0(7) = t A , 7 > 0) defined in [ 7, Definitions 2.3]. As we know, a weak version has not been 
defined yet in such form. 

3. Boundedness of maximal commutator and commutator of maximal function in Morrey spaces 

In this section we investigate boundedness of maximal commutator and commutator of maximal func¬ 
tion in Morrey spaces. 

The following theorem is true. 

Theorem 3.1. Let \ < p < oo, 0 < A < n. The following assertions are equivalent: 

(i) b G BMO(R"). 

(ii) The operator C h is bounded on M p ^. 

Proof, (i) => (ii). Suppose that b £ BMO(R"). By Theorem 1.9 and inequality (1.7) it follows that C h is 
bounded in Morrey space M p ^ and the following inequality holds: 

\\C b (f)\\M pA < \\b\U \\f\\M M . 

(ii) => (i). Assume that there exists c > 0 such that 

IIQ,(/)IIaw < c\\f\\ MpJi 

for all / G M p j. Obviously, 

II/IIaL, ~ sup||2'|^ J' \f(y)\ p dyj . 

Let Q be a fixed cube. We consider / = xq- It is easy to compute that 

\\Xq\\m„x ~ siipflQ'l^ f XQ(y)dy\ = sup(|Q' n Q\\Q'\^) P 
- Q' \ JQ' / Q' 

= sup (\Q'\\Q'\^y = \Q\*. 

Q'CQ 

Cb(Xo)(x) Z [ \b(y) ~ b Q \dy for all x £ Q. 

IfFl Jq 


On the other hand, since 
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then 


\\C b (XQ)\\M pA ~ sup(|Q , |‘ l «" f \C b (xo)(y)\ p dy 


Q' \ JQ' 


(3.2) 



Since by assumption 


by (3.1) and (3.2), we get that 


\\Cb(xo)\\M p j ^ llTellAW’ 

jl 


□ 


Combining Theorem 1.9 with inequality (1.9), we get the following statement. 

Theorem 3.2. Let 0 < A < n. Assume that b £ BMO(R”). Then the operator Cb is bounded on jfor 
radially decreasing functions. 

The following theorem was proved in [ 3 < ]. 

Theorem 3.3. Let l < p < oo, 0 < A < n. Suppose that b be a real valued, locally integrable function in 
R”. The following assertions are equivalent: 

(i) b is in BMO(R") such thatb~ £ Lco(R"). 

(ii) The commutator [ M , b\ is bounded in M p ^- 

Remark 3.4. (i) => (ii). Assume that b is in BMO(R") such that b~ £ Loo(W). By Theorem 1.9 and 
inequality (1.7) it follows that [M,b] is bounded in Morrey space M p j and the following inequality 
holds: 


ii[M^]/ii^,<(ini* + inu) \\f\\ MM . 


Combining Theorem 1.9 with inequality (1.9), we obtain the following statement. 

Theorem 3.5. Let 0 < A < n. Suppose that b is in BMO(R' ! ) such that b~ £ L ai (’R n ). Then [M,b] is 
bounded on Mi^for radially decreasing functions. 


4. Some auxillary results 


To prove the theorems in the next sections we need the following results. 


Theorem 4.1. Let 0 < a < n. Then 


M a (Mf)(x) = sup 



Mf » SUp |2I" ll/llL(l+log + L),g 



holds for all f £ L\ oc ( R"). 


The statement of Theorem 4.1 follows by the following lemmas. 
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Lemma 4.2. The inequality 

(4.1) 


1 

\Q\ 


( Mf(y)dy < sup ||/|| L (i + iog + L),e' 
Jq qcq ' 


holds for all f e Lj OC (R") w/t/i positive constant independent of f and Q. 


Proof Let Q be a cube in R" and / = f + f 2 , where f\ = fxsQ- Then 


(4.2) 


iki M/(y)l/y -lkf 0 Mf,<y)dy+ ikf 0 


Mf 2 (y)dy. 


We recall simple geometric observation: for a fixed point x £ Q, if a cube Q' satisfies Q' 3 x and 
Q' Pi (3 Qf ± 0, then Q c 3 Q'. Hence 


Mfifx) = sup f 
Q’3x \ Jq' 

Consequently, we have that 


\fi(y)\dy < sup f 

Qc3Q’ 1C I JQ' 


\f(y)\dy. 


(4.3) 

Since for any cube Q' 


ml 


Mf 2 (y)dy < sup 


sup ^i f 

QcQ’ 1C I Jq 


\f(y)\dy. 


we get 
(4.4) 

On the other hand 


TTJ7T f l/(y)l^ ^ ll/llL(l+log + L),Q', 

1C I Je' 

f ^/ 2 (y)rfy < sup H/|| i(1+log+L)iG ,. 
ICI Jo gcg' 


e 2 c 2 ' 

l^i f M ^ dy ~ 

for all / such that supp/ c Q (see [25, p. 174]). Thus 

(4 - 5) ml-^mL Mffy)dy < \\f\\ L (i + iog + l\ 3 q- 

From (4.2), (4.4) and (4.5), it follows that 

(4-6) T77i f Mf(y)dy < sup ||/||L(i+iog + z,),Q' + ll/llz.(i+iog + z,),3e ^ SU P ll/llL(i+iog + L),e'- 

ICI Jo QcQ’ QcQ ' 


□ 


We recall the following statement (see, for instance, [ 7, p. 175]). For the completeness we give the 
proof. 


Lemma 4.3. Note that the estimation 

holds for all f £ L 1 1 oc (R") with positive constants independent off and Q. 


Proof Let Q be a cube in R". We are going to use weak type estimates (see [ ], for instance): there 

exist positive constants Ci < 1 and c 2 > 1 such that for every / € Tf(W‘) and for every t > 1 !\Q\ J \f\ 
we have 


ci f dx < |j x G q . M{fx Q ){x) > t}\ <c 2 f 

J{x€Q:\f(x)\>t) * J\xeQ:\f(x)\>t/2\ 


\m\ 

t 


dx. 
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We have that 


f M(J X q)= f \{x e Q : M(J Xq )(x) > A}\dA 
Jq Jo 

I {xeQ: M{f XQ ){x) > A}\dA 

/VX) 

\{xe Q : M(f XQ )(x) > A}\dA 

J\f\Q 

/~*oo 

: \QU\q + \{x€Q:M(fxo)(x)>A}\dA 

J I f\n 


f 


^ \QU\q + c l 
= \Q\\f\a + c x f 

d{xeQ: 

= \QU\q + Ci f 

J{xeQ: 

^I A 


f(f 

J\flo \J{x£Q: 


\f\ Q \J{x<=Q:\f(x)\>A } 


\f(j)\dy\ y 


I/Ml 

l^e:|/MI>l/l e ) V|/le 


dA 

J\f\n ^ 


1/0)1 dx 


1/0)1 log 


1 + log 


{*6Q:|/MI>l/lel 

I/I 


1 / 0)1 \ 

l/le / 


dx 


l/le 


On the other hand, 


/-* /~*c o 

M(Jxq) = \{x e Q : M(fx Q )(x) 

Jq Jo 


> A}\dA 


\{x £ Q ■ M(fXo)(x) > 2A}\dA 


-r 

=f 

/VX) 

+ \{x e Q : M(fx Q )(x) > 2A}\dA 

J\f\n 


I {xeQ: M(J Xq ){x) > 2A}\dA 


>\f\Q 

^ \QU\q + c 2 


f(f 

J\f\a \J{xz 


\f(y)\dy I ^ 


IQII/le + c 2 f 

"//'I 


l/le V{*ee:|/MM} 

1/0)1 log 


d 


|xee:|/MI>l/l e l 

I/I 


l/WI\ 

l/le/ 


dx 


1 + log 


l/le 


Lemma 4.4. Inequalities 

i^X l/l ( 1+log+ i/i)“ ll/IWoe 

hold for all f e L' 0C (R") with positive constants independent off and Q. 
Proof Since 

1 r i/i , ! + i/i \ 
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then 

I/I Q ^ ll/llL(l+log + re¬ 
using the inequality log + (ab) < log + a + log + b, a, b e R + , we get 

iaJM i+tog *u£ 


+/ I/I ll/llL(l+log + L),e 

e 1/1 r 108 Isu^— 


= XiX 

4X l/l|l+l ° 8 


I/I 


+— r i/i log 4 

101 Je 


ll/llL(l+log + L),Q 
ll/llL(l+log + L),e 


\f\Q 


< 


ll/llL(l+log + L\Q + l/bl°g H 


ll/llL(l+log + L), l 

Wq 


Since ll ^ llL( l 4 | og+L),e > 1 and log t < t when t > 1, we get 


l/le 


On the other hand, since 


wJ 0 


A 1 +,< w q 


"/"i ( .«og*z,).e = iXX' 7 '(l + 1° S 

on using |/| e < ||/||L(i+iog + L),e> we get that 


^ 2||/Hi( 1 + 1 og + L),e- 

I/I 


Wf\\m+\og + l),q ~ J I/I ^ + 1°§ 


WfWpi+log* L),Q ) 

I/I 


l/le 


Proof of Theorem 4.1. By Lemma 4.2, we get that 


sup |0| Mf(y)dy < sup |0|" sup \\f\\ L (i + \og + l),q' < sup |0|" ||/llL(i + io g + L),e- 

Q 3 X Jq Q 3 X QcQ' QBX 


The equivalence 


supl2/||/|| L( i + iog+L),e ~ sup 101 V f |/| (l+log 
Qax Qsx Jq \ l/le 

is obvious in view of Lemma 4.4. 


I/I 


By Lemma 4.3, we have that 

sup |0| 

Q 3 X 


f I/I fl +log + < sup|0r‘»" f Mf. 

Jq \ l/le/ Q?x Jq 


The following corollaries follow from Theorem 4.1. 

Corollary 4.5. Inequalities 

(4.7) M 2 f(x) ~ M L(1+log+ L) f(x) » sup -A f |/| (l + log 4 Af] 

xeQ Id Jq \ l/le/ 

holds for all x e W and f e Lj 0C (R n ) with positive constants independent of x and f. 


□ 


□ 
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Corollary 4.6. Let 0 < A < n. The equivalency 

IIM/IU., * ll/K, *sup \Q\^ £ I/I (l + log* 

holds with positive constants independent of f. 

Note that M 2 f « M i(!+log + L) / was proved in [ 5] (see, also [ 3, p. 159]). For the second part of (4.7) 
see [6], [ ], [ ] and [ 25 ]. The equivalence || Mf\\ MlA ~ ll/llM i(1+log+i) , is a special case of [ 7, Lemma 

3.5], 


5. Note on the boundedness of the maximal function on Zygmund-Morrey spaces 

In this section we prove that the Hardy-Littlewood maximal operator M is bounded on Mu\+\ Qg ' L) _ A , 
0 < A < n, for radially decreasing functions, and we give an example which shows that M is not bounded 

on Af Ln+ | 0g + L),,b 0 < A < n. 

In order to prove the main result of this section we need the following auxiliary lemmas. 

Lemma 5.1. Assume that 0 < A < n. Let f e $01 rai U(R") w ith f{x) = ip(\x\). The equivalency 

II/IIaW^m *supT 1 -" f - f \<p(p)\p n - l dpdt 

x>0 Jo ‘ Jq 

holds with positive constants independent of f. 


Proof Recall that 

II/IIaW,,, * sup \B\^ f Mf = \\M A (Mf)\U f e S01(R*). 

B Jb 

Since M A (f)(y) > |m|y } )|1 _,, / „ J /?(0Jy|) \f(z)\ dz , in view of Mf « Hf, f e 9JT acU , switching to polar coordi¬ 
nates, we have that 


Consequently, 


"wo. MM '-^Lj HmdZ 
= |S(0,M)|'->/» X0*0 |B(0,lzl) X0,1=1 ) V(w)Wwdz 

~ \y\ x ~ n r l f \ip(p)\p n - x dpdt. 

Jo t Jo 

ply I i pt 

ll/llM i(1+log+1)/l £ ess sup [y[ l ~ n - |^(p)|p" _1 dpdt 

yeR" Jo t Jo 

= supx /1 ~" f - f \<p(p)\p n ' 1 dpdt, 
x>0 Jo t Jo 


where /(•) = <p (| • |). 
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On the other hand, 


II/IIm, 


l I(l+log + L),A 


< sup |5| 

B 

~ sup \B\ 

B 

= sup |5| 

B 

= sup \B\ 

B 


sup \B\ 

B 


sup \B\ 

B 


sup* 

x>0 


J rW\ 

( Mf)\t)dt 
o 

. r m 

- r\t)dt 
Jo 

, r m i nt 

- f*(s) dsdt 

Jo t Jo 

a-,, r m i r i 

I - \(f(s T ')\dsdt 

Jo t Jo 

, r\ B \ i p 1 ' 7 

^ - \<p(p)\p n - l dpdt 

Jo t Jo 

, r\ B \ 7 i p x 

d? - \p(p)\ p’^dpdx 

Jo X Jo 

■" r I r i^(p)ip" _i dp dt, 

Jo t Jo 


where /(•) = q>(\ ■ |). □ 

Corollary 5.2. Assume that 0 < A < n. Let f e 9JJ rad ”*-(R") with fix) = ip( |*|). The equivalency 

W M f\\M m+LU -sup*' 1 -" f If If (fi(p)p n ~ l dp dtdy 

x >0 Jo y Jo 1 Jo 

holds with positive constants independent of f. 

Proof. Let / e 9 Ji rac L w ith - ^(|x|). Since Mf ~ /// and Hf e 99t rad,J -, by Lemma 5.1, switching to 
polar coordinates, we have that 


\\Mf\\ M 


‘ifl+log+L). 


Uolvmil 

n r i r i r 

Jo y Jo t Jo 


sup* 

x>0 


■ 6 ( 0,0 

,71—1 


|/(y)|Jyjt" l dtdy 
( p(p)p n ~ l dp dtdy. 


□ 


Lemma 5.3. Assume that 0 < A < n. Let f e 9Jc rad ’^ vwY/i /(*) = ^(|*|). The inequality 

iWlUw*. s ii/IIawo,. / £ ®” u 

/loL/.v if and only if the inequality 

r x i r>’ i r 1 

sup*' 1- " I - | - | (pip)p n ~ l dp dt dy 

x >0 Jo y Jo t Jo 

<sup*' 1- " f - f T(p)p n l dp dt, (fi 6 99i + ' J '(R + ) 

*>0 Jo t Jo 

holds true. 

Proof. The statement immediately follows from Lemma 5.1 and Corollary 5.2. □ 
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Lemma 5.4. Let 0 < A < n. Then inequality 

(5.1) sup x A ~ n - f - f (p{p)p"~ l dp dtdy < supx 

x >0 Jo y Jo t Jo 

holds for all ip £ 9Jt Kj '(R + ). 


4-n ri f.^n-1 
Jo t Jo 


jt>0 


(pip)p n dp dt 


Proof. Indeed: 


sup y' 1 " ^ - r - r <p(p)p" 1 dpdtdy 
jr>0 JO y Jo t Jo 


= sup X A ~ n f y n ~ A -y- n f - f 
x>o Jo Jo t Jo 


i p{p)p n 1 dp dtdy 


< supy 

y>0 


1/1 " f 7 f T ( iJp n 1 dp dt ■ [sup x A " f y n A 'dy 
Jo t Jo \ x >0 Jo 


sup y 

y>0 


" r 7 r p ( /jp " 1 d p dt - 

Jo t Jo 


□ 


Theorem 5.5. Assume that 0 < A < n. The inequality 

\\Mf\\M ul+loe+LU Z II/IIm L(l+log+ L),A 

holds for all f £ 9J( rad ^ with constant independent of f. 

Proof The statement follows by Lemmas 5.3 and 5.4. 


□ 


Example 5.6. We give an example which shows that M is not bounded on M L( i+i og + L),A, 0 < A < n. For 
simplicity let n = 1 and A = 1/2. Consider even function / defined as follows: 


/(■*) _ , A [k 1 In \k+e),k 2 ln 2 (fc+e)+l] ( X )’ X > 0. 

k =0 

It is easy to see that Mf and M 2 f are even functions. Obviously, 

oo 

Mf(x) ~ In 2 (k+e),k 2 ln 2 (i+e)+l] ( X ) 

1 


i=0 


z 


/ j t n i 2// T[/;- ln 2 a+tf)+l./c 2 ln 2 {k+e)+l+m/ c Jx') 

y x - k- In (r + e) 


+ 


Z 


1 


y (k+ l) 2 In \k + 1 + e) + 1 - x 

(k + l) 2 In 2 {k + 1 +e)-k 2 In 2 {k + e) - 1 


where 


'/^'[* 2 ln 2 (fc+e)+l+mt,(fc+l) 2 ln 2 (Jt+l+e)]W’ X — 


m k 


, k = 0,1,2,.... 


~ IWHm u / 2 (R) - sup|/| 1/_ J 


M/ 


< sup i/r i/2 Tm/ + sup i/r l/2 fMf. 
I: |/|<1 J/ /: |/|> 1 Jl 


Then 
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It is easy to see that 


Since 


sup 

/: |/|<1 


- 1/2 


\ Mf < sup |/| 1/2 < 1. 
Jl I: |/|<1 


X 


O'+l) 2 ln 2 0+e+l) 


Mf(x) dx « (1 + 2 ln(l + iii])), j = 0,1,2,, 


r ^U+e) 


we have that 


sup i/r l/2 

/: |/|>1 


I 


Mf(x)dx = sup sup |/| 1/2 | Mf(x)dx 

m> 2 /: m—!<|/|<m 


1/ 


< sup m 

m>2 


- 1/2 


f 


< sup m 

m> 2 


- 1/2 


Mf(x) dx 

.? JZ 


O+l) 2 ln 2 0+e+l) 


Mf(x) dx 


i 2 In 2 {j+e)<m 


j 2 in 2 (j+e) 


« supm 1/2 V' (1 + 21n(l + m/)) 

m> 2 2 “, 

r In (y+e)<m 

< sup m“ 1/2 I ln(j + e) 


we have that 


m>2 o, 2 ,- x 

r In (y+e)<m 

< sup = 1, 

m>2 


I iy 11 At i( i + io g + <1 + 1-2. 


On the other hand, it is easy to see that 
M 2 /(*) > 


1 


x 




jc - (P In (fc + e) + 1) in 2 0 :+e)+i t - k 2 In (fc + e) 


ln(.v - k 2 ln 2 (& + e)) 
x - (it 2 ln 2 (fc + e) + 1) 
ln(x - k 2 ln 2 (fc + e)) 


> 


x - k 1 ln 2 (& + e) 
for any x £ [ k 2 ln 2 (fc + e) + e, k 2 In 2 (k + e) + m*]. 


Thus 


Finally, 


M 2 f(x) > £ 


ln(x - k 2 In 2 {k + e)) 
x - k 2 In 2 (k + e) 


k =o 


'X[k 2 In 2 (k+e)+e,k 2 ln 2 (&+e)+m ; t](+)' 


H M /llAtL,l + log+t),l/2(R) ~ II^/IImu/zCR) 


> sup(Hn(fc + e)) 

k 


> sup(fc ln(fc + <?)) 

k 


> sup(& In {k + e)) 

k 


M 2 f(x) dx 

k -1 j 2 In 2 (j+e)+mj 


'f 

k -1 n 

“EX 

7=1 ^ 
k— 1 ,> 

“EX 

7=1 


£ 2 ln 2 (A:+e) 


2 ln 2 (/+e)+e 


M~f(x) dx 


k - I j 2 In 2 {j+e)+mj 


\n{x - k 2 \vr(k + e)) 

2 ln 2 (y'+e)+e 7C - k 2 \n 2 (k + e) 


djC 








16 


A. GOGATISHVILI, R.CH.MUSTAFAYEV, AND M. AGCAYAZI 


k— a r* m j i 

= sup(k\n(k + e))~ l 'Y' I dx 

k j^Je X 

k- 1 

> sup(Hn(k + e)) _1 Y In 2 ntj 

k u 

k -1 

> sup(kln(& + e))^ 1 ^ ln 2 (j + e ) 

* ./=! 

> sup(Hn(k + e)y l k\n 2 (k + e) 

k 

= supln(k + e) = oo. 

k 

6. Weak-type estimates in Morrey spaces for the iterated maximal function 

In this section the boundedness of the iterated maximal operator M 2 from Zygmund-Morrey spaces 
Al/.n+iog* qj to weak Zygmund-Morrey spaces TVA1/.^ + |og , is proved. 

Theorem 6.1. Let 0 < A < n. Then the operator M 2 is bounded from AtL(i+io g + l\a to ‘WMt(\+\ og + and 
the following inequality holds 

(6.1) \\M 2 f\\^M L(]+]og+L)A <c\\f\\ M 

L(l+log+L)„i 

with positive constant c independent of f. 


Proof Let Q be any cube in 1" and let / = J] + f 2 , where f\ = J'xaq- By subadditivity of M 2 we get 

M 2 f < M 2 fx + M 2 f 2 . 

Since for any cube Q conditions z e 2 Q n Q and Q n {R"\4<2( T 0 imply Q c 4 Q', we have 
(6.2) Mf 2 (z) = M(fxw\A Q ){z) < sup -L f |/| 

QcAQ' 1C I Jq' 


for any z e 2 Q. Thus for any z e R" 

(6.3) Mf 2 (z) <X 2 q{z) sup f l./'l + xm 2 Q(z)Mf(z). 

QcAQ' 1C I JQ' 

Applying to both sides of the inequality (6.3) by operator M for any y e Q we get 

(6.4) M 2 f 2 (y) < M(x 2Q )(y) sup -i- f |/| + M(x^ 2Q Mf)(y). 

QcAQ' 1C I JQ' 

Since M(x 2 Q)(y) = 1, y e Q, by the inequality (6.2) we arrive at 

(6-5) M 2 f 2 (y) < sup f |/| + sup f Mf < sup f Mf. 

qcaq' 1C I Jq' ec 2 g' 1C I Je' e c 2 ' lc I Je' 


Consequently, for y & Q 

(6.6) M 2 f(y) < M 2 (f X A Q )(y) + sup -L f Mf. 

QcQ' 1C I Jg' 


In view of inequality 
(6.7) 


1 + log + (ab) < (1 + log + a)(l + log + b), 


17 


by Lemma 2.1, for any a > 0 and l>0we have that 
\[x e 2 : M 2 (fx4Q)(x ) > arf}| 

< |{* e R" : M\fxA Q )(x) > at)| 

< c f \(fX4 Q ){x)\ L [ log+ / K/L4gXjl V 

Jr» art \ S \ at / 




< c— 1 + log 
a 


i)f 

a ) J4Q 




We get that 


{x € 2 : M 2 (fx 4 Q)(x) > at J 


r 1/001 

1 + log + 


M 1 + 1 °g + ^) 

J J 

40 < 

< jj 


Jjc. 


Consequently, 


Thus 


sup — 
«>o 121 


inf (t > 0 : sup — 

«>o 121 


(x G 2 : M 2 (fx4Q)(x) > at} 

L, 1 

r i/wi 

1 + log + 


M 1+1 °sT) 

“ ~ 1421 J 

< 

{ t )) 


dx. 


xeQ: M 2 (Jx 4 q)(x ) > at 


M 1+1 °g + ^) 


< 1 


^ O) 

O 

A 

" c|/(*)l| 

4 Q 1 

|l +log + | 

^ O) 

O 

A 

" c\f(x)\ j 
4 Q { 

|l +log + J 


l/WI 


dx < 1 


£l/WI\ 


< 1 


that is, 

(6.8) WM-(fX4Q)WwL(\+\og+L\Q ^ l|c/||L(l+log + Z,),4e - t’ll/llL(l+log + L),4Q- 

For the second summand in right hand side of the inequality (6.6) applying the inequality (4.6) we obtain 

(6.9) 


sup 

QcQ ' 


'W\J Mf 

' 12 I JQ’ 


< 


WL(\+\og+L),Q Q c & 

By inequalities (6.6), (6.8) and (6.9) we get 

f 2 


sup f Mf < sup \\f\\ L(1+log+LlQ ,. 

QcQ ' 1C I JQ’ QcQ ' 


( 6 . 10 ) 

Thus 


ll^“/lllVL(l+log + L),e ^ C SUp ||/||L(l+log + L),e'- 

ec4p' 


SUp|2l"ll^-/||wL(l+log + L),e < c sup 121" sup ll/llL(l+log + L),e' 
q q ec4g' 


<C sup 121" sup \Q’\ " SUp|2l"ll/llL(l+log + L),e 
q ec4g' / q 

SUp|2l"ll/llL(l+iog + L),Q, 

Q 
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that is, 

ll^ 2 /llwvi i(1+log+iW < c\\f\\ M 

L(l+log + L),A * 

□ 


7. Weak-type estimates in Morrey spaces for maximal commutator and commutator of maximal 

FUNCTION 

In this section the class of functions for which the maximal commutator Cb is bounded from M U \+\o g + 
to r WML(i + io g + L),a are characterized. It is proved that the commutator of the Hardy-Littlewood maxi¬ 
mal operator M with function b € BMO(R”) such that b~ e L tX3 (]R' ! ) is bounded from Mn\+\ og + l),a to 

^^LCl+log + L), A- 

Theorem 7.1. Let 0 < A < n. The following assertions are equivalent: 

(i) b 6 BMO(R"). 

(ii) The operator Cb is bounded from Mn\+\ 0 g + l\x to , WMni+\og + L)p- 


Proof (i) => (ii). Assume that b e BMO(R"). By Theorem 1.9 and Theorem 6.1 operator C/ ; is bounded 
from AtL(i+iog + L),.i to r WMix\+\ u p l),a and the following inequality holds 

(7.1) 11 Cb(f) |lTVM i(1+log + LU ^ c \M*\\f\\Mm +log+LU 

with positive constant c independent of /. 

(ii) => (i). Assume that the inequality 

(7-2) IIOX/)llnvA^ 1+log+iW < c||/||M i(1+log+z . w - 


holds with positive constant c independent of /. Let 0 O be any cube in R" and let / = xq„- 
By Theorem 4.1, 


II^GoHa* 


L(l+log + L),A 


sup 121 


'IM 


1 + log + 


XQo 

(Te 0 )e 


]rtl i I0 n Qo 
sup 101" — 

Q-.QC\Qo±0> lt?l 


1 + log 


101 


12 n 0 O 


Obviously, 


II^goIIm, 


l I(l+log+L),A 


R I0ol". 


Let s G (0,1 — A/n). Since the function (1 + log t)/t s is bounded on the interval [1, oo), we get 


IItgoIIm 


“L(l+log + L),A 


£ sup |0| 

Q■ QnQo^Hi 


i 10 n 0o 


101 


101 \ 10 n 0o I 


= sup |0|" £ 10 n 0o 
Q- 


1 —s 


sup |0|" +e *10 n 0o1 1 £ = 10ol"• 

ecgo 


Thus 

(7.3) 


liTeoIlM, 


T.(l+log + L),A 


I0ol". 
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On the other hand 


\\CbiXQ a )\\wM L{M +LU ~ SUp |2I" \\Cb(XQo)\\wU\+\og + L),Q 


^ IQol" \\Cb(XQ a )WwL{\+log + L),Q 0 - 


Note that 


11 Cb (XQo ) 11 WL( 1 +log + L), Go 

= inf 


, n 1 \{x g Qo : \C b (xQo)(x)\ > df}| 

A > 0 : sup -— -------< 1 

t >0 \Qo\ i (l + log + 


> inf { A > 0 : — \{x £ Q 0 : \C b (x Qo )(x)\ > 2A}\ < 1 \. 


Since for any re Q 0 


C b (XQ 0 )(x) ^ 7777 f \b(x) - b(y)\dy > — f | b(y) - b Qo \dy, 

Gol JOn AQol JOn 


then 

Thus 

Consequently, 

(7.4) 


I Go I 


IGol Jqo 2\Q 0 \ JQq 

|jc e Q 0 : \C b (x Qo )(x)\ > 2 J I b(y) - b Qo \dy^ 

WCb(XQa)WwL(\+\og + L),Q 0 ^ TT^TT f \Hy) ~ b Qo \dy. 

A\Qo\ Jon 


= 2 . 


\\ C b(XQ 0 )\\wMm +tog+IU 
By (7.2), (7.3) and (7.4) we arrive at 


£ I Go I "7777 f \b(y) - b Qo \dy. 
I Go I Jqo 


77 f \b(y)-b Qo \dy<c. 
M J On 


□ 


Combining Theorems 1.9 and 5.5, we get the following statement. 

Theorem 7.2. Let 0 < A < n. Assume that b £ BMO(R")- Then the operator Ci, is bounded on 
Al/ii+iog* L)j.f°r radially decreasing functions. 

The following theorems hold true. 

Theorem 7.3. Let 0 < A < n and b is in BMO(R") such that b~ £ L IX3 (R''). Then the operator [M, b\ is 
bounded from Mm + \ og + l\\ to AVMio+iog* l\a and the following inequality holds 

II \M,b]f\\'WM U , +log+ , u < c (ll^ + ll* + \\b~\\Lj\\f\\M m+LU 

with positive constant c independent of f. 

Proof The statement follows by Theorem 1.9 and Theorem 6.1. □ 

Theorem 7.4. Let 0 < A < n and b is in BMO(R") such that b £ L TC (R"). Then the operator [M, b] is 
bounded on Al/n+iog* L)pfor radially decreasing functions, and the following inequality holds 

m, < c (yin.+ir lu ii/iiaw«.>. f 6 ® ndJ . 

with positive constant c independent of f. 
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Proof. The statement follows by Theorems 1.9 and 5.5. □ 
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